INTRODUCTION
The superconductivity of certain metals is characterized at very low temperatures by the loss of electrical resistance and the expulsion of the exterior magnetic field. Superconducting currents in the material, which exclude the magnetic field, are due to the existence of pairs of electrons of opposite sign and momentum, the Cooper pairs. In the GinzburgLandau model, the electromagnetic properties of the material are completely described by the magnetic potential vector A (H = curl A being the magnetic field) and the complex-valued order parameter 1/; (see [11] , [13] or [16] for instance). In fact,1/; is an averaged wave function of the superconducting electrons; its phase is related to the current in the superconductor and its modulus to the density of superconducting carriers:
== 0 when the sample is wholly normal and |03C8| = 1 when it is wholly superconducting. The basic thermodynamic postulate of the GinzburgLandau theory says that a stable superconducting sample is in a state such that its Gibbs free energy is a minimum. The nondimensionalized form of this energy is given by:
where S2 is a domain in Rn (n = 1, 2 or 3) representing the region occupied by the superconducting sample, Ho is the given applied magnetic field, and /~ is a material parameter called the Ginzburg-Landau parameter. This parameter is the ratio of A, the penetration depth of the magnetic field to ç, the coherence length, which is the characteristic length of variation of rf. The [9] , [10] and the existence and behaviour of vortex solutions to the Ginzburg-Landau equations have been widely studied. See [2] , [4] , [5] , [7] , [8] , [12] , [14] for instance.
In this paper, we study the minimization of the Ginzburg-Landau energy when the parameter x is large, for a special geometry of the sample, 749 ON THE MINIMIZERS OF THE GINZBURG-LANDAU ENERGY the infinite cylinder. Thus, we restrict to axially symmetric solutions. The previous paper [1] deals with the one-dimensional case. Our motivation was the study made in [3] of the solutions of the Ginzburg-Landau system with infinite x. This paper is organized as follows. First of all, we study the asymptotic behaviour of minimizers under the constraint that vortices do not exist: we put formally x equal to infinity in the energy and study the minimizers of this reduced form; this will enable us to show convergence of GinzburgLandau energy minimizers as x tends to infinity. We especially prove a uniqueness property of the solutions of the system for infinite ~, which extends a result of [3] . The (14)- (15) It is proved in [3] that there exists Ho such that for Ho ( 14)- ( 15) has a solution that remains smaller than 1; Ho is obtained as the maximum of Ho over the points ( R, Ho ) in the connected component of Ii which contains the set ((R, Ho), st RHo 1 ~ . The uniqueness result there is only obtained for R
We are going to prove that in fact Io ( R, Ho ) and Ii(R, Ho) are connected and that I ( R, Ho ) has at most one point, using an idea inspired by [17] .
Let u and v be two different regular solutions of We already know that u and v are increasing so they can be inverted. We We are now able to show uniqueness of regular solutions. Let R be fixed. Let us assume Qi (resp. Q2 ) is a solution of (17) (17) with Ho = so that a = 1.
As FQ is increasing, we obtain FQ(0) FQ(R), that is Ho(R) > In order to get the estimate on the other side, we introduce a new energy:
A simple computation, using (17) gives G2(r) = -r2Q'2(r) + Q2(r). We now differentiate GZ and get G2(r) _ Q2(r)). So G2 is decreasing and since G2(0) = 0, it means G1(0) > G1(R) (14)- (15)- (16) (14)- (15)- (16) (7)- (8)- (9)- (10) [6] , thanks to the Maximum Principle, that a minimizer of the Ginzburg-Landau energy is an asymptotically stable solution of this problem. We compute the solutions with R = 1. We study the convergence of f,~ when x tends to infinity. Figure 1 (Ho = 1) and figure 2 (Ho = 3)
illustrate the two different behaviours described in Theorem 2.7.
Remark. -It would be interesting to show that f ,~ is nonincreasing and improve the convergence of the sequence.
THE CASE WITH VORTICES
In this section, we allow N vortices to appear in the center of the ball and intend to minimize the energy over this number N. We are going to show that 0 for the minimizer, and more precisely that N/x has a limit when ~ tends to infinity. The existence of vortices at the center of the ball can be described mathematically by introducing, as in [4] find the best number of vortices to put at the origin. We will show that the presence of vortices lower the energy. THEOREM 3.6. -There exists a minimizer (N, f, S) of EK; ( f, S) is iñ 0~) n C2(BR))2 and is a solution of (23)- (24)- (25)- (26) 
